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Abstract
In this paper, starting from a suitable generating function of a polynomial set, we show how to decide whether the considered
polynomial set is d-orthogonal and, if it is so, how to determine the corresponding d-dimensional functional vector. Then, we apply
the obtained results to some known and new d-orthogonal polynomial sets. For the known ones, we give new proofs for some already
obtained results.
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1. Introduction
During the two past decades, there has been increased interest in some extensions of the concept of standard
orthogonality. One of them is the so-calledmultiple orthogonality (see [3–6,14,24,28,30–32] and the references therein).
This notion has many applications in various domains of mathematics as analytic number theory, approximation theory,
special functions theory, and spectral theory of operators. A convenient framework to discuss explicit examples of
multiple orthogonal polynomials consists of considering a subclass of multiple orthogonal polynomials known as
d-orthogonal polynomials, see [13,9,10,12,11,15–20,27,33,34]. This notion was introduced as follows.
Let P be the linear space of polynomials with complex coefﬁcients and let P′ be its algebraic dual. A polynomial
sequence {Pn}n0 inP is called a polynomial set if and only if deg(Pn)=n for all nonnegative integer n.We denote by
〈u, f 〉 the effect of the linear functional u ∈ P′ on the polynomial f ∈ P and by (u)n := 〈u, xn〉, n0, the moments
of u. Let {Pn}n0 be a polynomial set in P. The corresponding dual sequence (un)n0 is deﬁned by
〈un, Pm〉 = n,m, n,m = 0, 1, . . . ,
n,m being the Kronecker symbol.
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Deﬁnition 1.1 (Maroni [27] and Van Iseghem [33]). Let d be a positive integer and let {Pn}n0 be a polynomial set in
P. {Pn}n0 is called a d-orthogonal polynomial set (d-OPS, for shorter) with respect to the d-dimensional functional
vector U= t (u0, u1, . . . , ud−1) if it satisﬁes the following conditions:{ 〈uk, PmPn〉 = 0, m>nd + k, n0,
〈uk, PnPnd+k〉 = 0, n0,
(1.1)
for each integer k ∈ {0, 1, . . . , d − 1}.
For the particular case: d = 1, we meet the well known notion of orthogonality.
One of the central problems connected with this notion is to decide whether a given polynomial set is d-orthogonal,
and, if it is so, how to determine the corresponding d-dimensional functional vector.
There are in the literature two important results dealing with these questions. The ﬁrst one, concerning the
d-orthogonality property, was given by Maroni [27] who showed that conditions (1.1) are equivalent to the fact that the
polynomials Pn, n0, satisfy a (d + 1) order recurrence relation of the type:
xP n(x) = n+1Pn+1(x) +
d∑
k=0
k,n−d+kPn−d+k(x), (1.2)
where n+10,n−d = 0 and by the convention P−n = 0, n1.
This result, for d = 1, is reduced to the so-called Favard Theorem, and for arbitrary positive integer d, it was used
to give several characterization theorems, see [9–13,15–20,27,33,34]. The second one, concerning the obtention of
the corresponding d-dimensional functional vector, was given by Douak and Maroni [18] who showed that a d-OPS
{Pn}n0 with respect to U is classical according to Hahn property [23] ({(1/(n + 1))P ′n+1}n0 is also d-orthogonal)
if and only if there exist two d × d polynomial matrices= ()d−1,=0 and = ()d−1,=0 with deg1, deg2
such that
U+ D(U) = 0 (1.3)
with conditions about regularity. This result, for d=1, is reduced to Pearson equation. It follows then the d-dimensional
functional vector U may be obtained by solving (1.3). Such a technique was used in [9,15–20].
The purpose of this paper is to present a further approach to study the d-orthogonality of a given polynomial set
where the property “classical” is omitted. Such a technique is based on two linear operators deﬁned from a suitable
generating function of the involved polynomial set. In terms of these operators, we give other conditions equivalent to
(1.1) or (1.2) as well as an explicit expression of the corresponding d-dimensional functional vector.
The structure of the paper is as follows. In Section 2, we prove our main result. As application, we use our approach
in Sections 3–5 to state the d-orthogonality of some new and known d-OPS, and to express explicitly the corresponding
d-dimensional functional vector. For the known ones, we give new proofs for some already obtained results.
2. Main result
To state our main result, we recall the following deﬁnitions and results.
For an integer j , we denote by ∧(j) the set of operators acting on formal power series that increase (resp. reduce) the
degree of every polynomial by exactly j if j0 (resp. j0). This includes the fact that, if 	 ∈ ∧(−1), then 	(1) = 0.
Let ∨(1) be the set of operators acting on formal power series that increase the order of every formal power series
by exactly one.
Let ∨(−1) be the set of operators acting on formal power series that reduce the order of every formal power series
with positive order by exactly one.
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For a positive integer r2, ∨(−1)r is the set of operators 
 ∈ ∨(−1) such that there exist r complex sequences
((k)n )n0, k = 0, 1, . . . , r − 1, satisfying: (0)n (r−1)n = 0 for all nonnegative integer n,

(tn) =
r−1∑
k=0
(k)n t
n+k−1, n1 and 
(1) =
r−1∑
k=1
(k)k−1t
k−1
.
Lemma 2.1 (Freeman [21, Proposition 2.1]). Let F(x, t) =∑∞n=0Pn(x)en(t) where {Pn}n0 is a polynomial set in
P and {en}n0 is a sequence in Ct; en being of order n. Then for every L := Lx ∈ ∧(1) (resp. M := Mt ∈ ∨(1)),
there exists an unique Lˆ := Lˆt ∈ ∨(−1) (resp. Mˆ := Mˆx ∈ ∧(−1)) such that:
LxF(x, t) = LˆtF (x, t) (resp. MtF(x, t) = MˆxF (x, t)).
The operator Lˆ (resp. Mˆ) is called the transform operator of L (resp. M) relative to the generating function F(x, t).
Next, we limit ourselves to the case:
en(t) = t
n
n! , Lx = X and Mt = T ,
where X (resp. T) is the multiplicative operator by x (resp. the multiplicative operator by t). For this case, the generating
function G(x, t) =∑∞n=0Pn(x) tnn! appears as the eigenfunction of the operator Xˆ := Xˆt (resp. Tˆ := Tˆx) associated
with the eigenvalue x (resp. t). We have in fact:
XˆtG(x, t) = xG(x, t), TˆxG(x, t) = tG(x, t). (2.1)
Our purpose in this section is to show how one can deduce the d-orthogonality of the polynomial set {Pn}n0 from the
operator Xˆ, and, when the d-orthogonality holds, how to express explicitly the corresponding d-dimensional functional
vector by means of the operator Tˆ .
The operator Tˆx , usually denoted by 	, is called the lowering operator of {Pn}n0.We say also {Pn}n0 is a 	-Appell
polynomial set. That follows from the equivalence:
	G(x, t) = tG(x, t) ⇐⇒ 	Pn = nPn−1, n1. (2.2)
A polynomial set {Bn}n0 is called the sequence of basic polynomials for 	 ∈ ∧(−1) if and only if for all positive
integer n, we have:
(i) Bn(0) = n,0,
(ii) 	Bn(x) = nBn−1(x); B−1(x) ≡ 0.
It is known that every 	 ∈ ∧(−1) has a sequence of basic polynomials, and we have
Lemma 2.2 (Ben Cheikh [7, Lemma 2.2]). Let {Pn}n0 be a polynomial set and let 	 be its lowering operator. Also
let {Bn}n0 be the sequence of basic polynomials for 	. Then there exists a unique power series (t) =
∑∞
k=0 ktk ,
0 = 0, such that (	)(Pn)(x) = Bn(x); for all positive integer n.
We say that {Pn}n0 is a 	-Appell polynomial set of the transfer power series A(t), where A(t) = 1/(t).
Lemma 2.3 (Ben Cheikh [7]). A 	-Appell polynomial set {Pn}n0 of transfer power series A is generated by
G(x, t) = A(t)G0(x, t) =
∞∑
n=0
Pn(x)
n! t
n
, (2.3)
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where G0(x, t) is a solution of the system:{
	G0(x, t) = tG0(x, t),
G0(0, t) = 1
and conversely.
An explicit expression of the dual sequence of a 	-polynomial set {Pn}n0 of transfer power series A was given in
[7] by
〈un, f 〉 = 1
n!
[
	n
A(	)
(f )(x)
]
x=0
= 	
n
n!A(	)f (0), n = 0, 1, . . . , f ∈ P. (2.4)
Next, we derive our main result.
Theorem 2.4. Let {Pn}n0 be a polynomial set generated by
G(x, t) = A(t)G0(x, t) =
∞∑
n=0
Pn(x)
n! t
n
, (2.5)
where G0(0, t) = 1. Let Xˆ and 	 := Tˆ be, respectively, the transform of X and T the multiplicative operator by x and
the multiplicative operator by t according to the generating function G(x, t). Then
(i) The following assertions are equivalent:
(a) {Pn}n0 is a d-OPS.
(b) Xˆ ∈ ∨(−1)d+2 .
(ii) If {Pn}n0 is a d-OPS, the d-dimensional functional vectorU=t (u0, u1, . . . , ud−1) for which the d-orthogonality
holds is given by
〈ur, f 〉 = 1
r!
[
	r
A(	)
(f )(x)
]
x=0
= 	
r
r!A(	)f (0), r = 0, 1, . . . , d − 1, f ∈ P. (2.6)
Proof. (i) (a) ⇒ (b): Since {Pn}n0 is d-OPS, then according to (1.2) there exist d+2 complex sequences ((k)n )n0,
k = 0, . . . , d + 1, satisfying: (0)n (d+1)n = 0 for all nonnegative integer n and
xP n(x) =
d+1∑
k=0
(k)n Pn−k+1(x), (2.7)
where by convention Pj (x) = 0 if j is a negative integer.
Multiplying (2.7) by tn/n! and adding the equations for n = 0, 1, . . . . This leads to
XG(x, t) = x
∞∑
n=0
Pn(x)
tn
n! =
∞∑
n=0
d+1∑
k=0
(k)n Pn−k+1(x)
tn
n!
=
d+1∑
k=0
∞∑
n=k−1
(k)n Pn−k+1(x)
tn
n!
= P0(x)
d+1∑
k=1
(k)k−1
tk−1
(k − 1)! +
∞∑
n=1
Pn(x)
n!
(
d+1∑
k=0
(k)n+k−1
n!
(n + k − 1)! t
n+k−1
)
=
∞∑
n=0
Pn(x)
n! Xˆt (t
n) = XˆtG(x, t), (2.8)
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where
Xˆt (t
n) =
d+1∑
k=0
n!
(n + k − 1)!
(k)
n+k−1t
n+k−1, n1 and Xˆt (1) =
d+1∑
k=1
(k)k−1
tk−1
(k − 1)! .
It follows then Xˆ ∈ ∨(−1)d+2 since (0)n (d+1)n = 0, n0.
(b) ⇒ (a): Since Xˆt ∈ ∨(−1)d+2 , it is possible to write
Xˆt (t
n) =
d+1∑
k=0
n!
(n + k − 1)!
(k)
n+k−1t
n+k−1, n1 and Xˆt (1) =
d+1∑
k=1
(k)k−1
tk−1
(k − 1)! ,
where (0)n (d+1)n = 0 for all nonnegative n. So the relation XxG(x, t) = XˆtG(x, t) leads to
x
∞∑
n=0
Pn(x)
tn
n! = P0(x)Xˆt (1) +
∞∑
n=1
Pn(x)
n! Xˆt (t
n)
= P0(x)
d+1∑
k=1
(k)k−1
tk−1
(k − 1)! +
∞∑
n=1
Pn(x)
n!
(
d+1∑
k=0
n!
(n + k − 1)!
(k)
n+k−1t
n+k−1
)
. (2.9)
According to (2.8), (2.9) becomes
x
∞∑
n=0
Pn(x)
tn
n! =
∞∑
n=0
d+1∑
k=0
(k)n Pn−k+1(x)
tn
n! . (2.10)
Compare the coefﬁcients of tn in (2.10) to see that
xP n(x) =
d+1∑
k=0
(k)n Pn−k+1(x), (0)n (d+1)n = 0,
which, according to (1.2) means that {Pn}n0 is a d-OPS.
(ii) may be deduced from (2.4) 
Remark 2.5. In practice, we are sometimes led to consider generating functions of the type:
H(x, t) =
∞∑
n=0
nPn(x)t
n, n = 0 for all n0,
since the d-orthogonality property of a given polynomial set {Pn}n0 is preserved if we multiply each Pn by n, n = 0
for all n0.
For d = 1, we deduce from Theorem 2.4 the following useful tool to study the orthogonality of a given polynomial
set.
Corollary 2.6. With hypothesis as in Theorem 2.4, if Xˆ ∈ ∨(−1)3 , then the polynomials {Pn}n0 are orthogonal with
respect to the linear functional u0 given by
〈u0, f 〉 = 1
A(	)
f (0), f ∈ P. (2.11)
The lowering operator 	 and the raising operator 
 of a polynomial set {Pn}n0 are two operators which are
independent of n and satisfy the relationships
	(Pn)(x) = nPn−1(x) and 
(Pn)(x) = Pn+1(x), n = 0, 1, . . . .
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In [29], these operators were used to give another sufﬁcient condition ensuring the orthogonality of {Pn}n0, and (2.11)
was used to express explicitly the linear functional for which some well-known polynomial sets are orthogonal.
In the remainder of this paper, we apply our main result (Theorem 2.4) to some known and new d-OPS including
continuous, discrete and basic cases. To this end, we need the following lemma which states the lowering operators for
some Boas–Buck polynomial sets.
Lemma 2.7 (Ben Cheikh [8, Corollaries 3–4]). Let
A(t) =
∞∑
k=0
akt
k (a0 = 0), C(t) =
∞∑
k=0
ckt
k+1, c0 = 0
be two power series. Put C∗(t) =∑∞k=0 c∗k tk+1 where
C(C∗(t)) = C∗(C(t)) = t . (2.12)
Then
(1) The lowering operator 	 := Tˆx of the polynomial set {Pn}n0 generated by
A(t)exC(t) =
∑
n0
Pn(x)
tn
n!
is given by
	= C∗(D). (2.13)
(2) The lowering operator 	 := Tˆx of the polynomial set {Pn}n0 generated by
A(t)(1 + C(t)) x =
∞∑
n=0
Pn(x;) t
n
n!
is given by
	= C∗(), (2.14)
where
 = 
 − 1

,
and 
y is the translation operator deﬁned by 
yf (x) = f (x + y).
(3) The lowering operator 	 := Tˆx of the polynomial set {Pn}n0 generated by
A(t)pFq
(
1, 2, . . . , p
1, 2, . . . , q
; xC(t)
)
=
∞∑
n=0
Pn(x)
tn
n!
is given by
	= C∗(), (2.15)
with
=
[
p∏
i=1
(+ i )
]−1
Dx
q∏
j=1
(+ j − 1), = xDx .
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3. Continuous d-orthogonal polynomial sets
3.1. d-OPS of Hermite-type
In this subsection, we consider the polynomial set {Pn(.; d)}n0 of Sheffer type zero generated by
Gd(x, t) = exp(xt − d+1(t)) =
∞∑
n=0
Pn(x)
tn
n! , d+1(t) =
d+1∑
k=0
kt
k, d+1 = 0. (3.1)
Douak [15] showed that {Pn(.; d)}n0 is the only polynomial set which is both Appell and d-orthogonal and derived
the corresponding d-dimensional functional vector.
Next, we apply Theorem 2.4 to give new proof of Douak results [15] where the author used a different approach
based on the fact that the considered d-OPS is classical according to Hahn property.
Theorem 3.1 (Douak [15]).
(i) The polynomial set {Pn(.; d)}n0 generated by (3.1) is d-orthogonal.
(ii) The moments of the d-dimensional functional vector U = t (u0, . . . , ud−1) ensuring the d-orthogonality of the
polynomial set of Hermite type {Ĥn(.; d)}n0 generated by
exp
(
xt − t
d+1
d!(d + 1)2
)
=
∞∑
n=0
Ĥn(x; d) t
n
n! (3.2)
are given by⎧⎨⎩
(u0)m(d+1)+ = 0, = 1, . . . , d,
(u0)m(d+1) = (m(d + 1))!
m!d!m(d + 1)2m =
1
(d + 1)m
m−1∏
n=0
(
n(d + 1) + d
d
)
, m0, (3.3)
and for each (u), = 1, . . . , d − 1,
(u)m =
(m

)
(u0)m−, = 1, 2, . . . , d − 1, m0 (3.4)
where by convention (u0)−n = 0, n1.
Proof.
(i) By application of the operator Dt to each member of the equality Gd(x, t) = exp(xt − d+1(t)), we obtain
xGd(x, t) = DtGd(x, t) + ′d+1(t)Gd(x, t).
It follows by virtue of Lemma 2.1 and (2.1) that the transform operator Xˆt of X relative to Gd(x, t) is given by
Xˆt = Dt + ′d+1(t) ∈ ∨(−1)d+2 .
Taking into account Theorem 2.4, we conclude that {Pn(.; d)}n0 is d-orthogonal.
(ii) The generating function (3.2) means that {Ĥn(; d)}n0 is an Appell polynomial set of the transfer power series:
A(t) = exp(−td+1/d!(d + 1)2). According to (2.13) and (2.6), we have
(u0)n =
[
1
A(D)
(xn)
]
x=0
=
∞∑
k=0
[
1
k!d!k(d + 1)2k D
k(d+1)xn
]
x=0
, n0. (3.5)
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Then we get⎧⎨⎩
(u0)m(d+1)+ = 0, = 1, . . . , d,
(u0)m(d+1) = (m(d + 1))!
m!d!m(d + 1)2m , m0.
Notice that
(m(d + 1))!
m!d!m(d + 1)2m =
1
m!d!m(d + 1)2m
m−1∏
n=0
(n(d + 1) + (d + 1))(n(d + 1) + d) · · · (n(d + 1) + 1)
= 1
d!m(d + 1)m
m−1∏
n=0
1
(n + 1)(d + 1)
m−1∏
n=0
(n(d + 1) + (d + 1)) · · · (n(d + 1) + 1)
= 1
d!m(d + 1)m
m−1∏
n=0
(n(d + 1) + (d + 1))(n(d + 1) + d) · · · (n(d + 1) + 1)
n(d + 1) + (d + 1)
= 1
d!m(d + 1)m
m−1∏
n=0
(n(d + 1) + d) · · · (n(d + 1) + 1)
= 1
(d + 1)m
m−1∏
n=0
(
n(d + 1) + d
d
)
,
which leads to (3.3).
For each = 1, . . . , d − 1, according to (2.4) we get
(u)n = 〈u, xn〉 = 1! 〈u0,D
xn〉 = n!
!(n − )! 〈u0, x
n−〉
(n

)
(u0)n−. 
For the case d = 2, we express the moments given in (3.3) and (3.4) by means of integral representations. We have
in fact
Corollary 3.2. The moments of the 2-dimensional functional vector U = t (u0, u1) associated with the 2-OPS
{Ĥn(.; 2)}n0 are given by⎧⎪⎪⎪⎨⎪⎪⎪⎩
(u0)3m = 2
√
6
(1/3)(2/3)
∫∞
0 x
3mx1/2K1/3
(
2
√
2√
3
x3/2
)
dx, (u0)3m+1 = (u0)3m+2 = 0,
(u1)3m+1 = −2
√
6
(1/3)(2/3)
∫∞
0 x
3m+1
(
x1/2K1/3
(
2
√
2√
3
x3/2
))′
dx, (u1)3m = (u1)3m+2 = 0,
(3.6)
where K is the Macdonald function (modiﬁed Bessel function of the third kind [25]).
Proof. Recall that the function K veriﬁes the following formula:∫ ∞
0
tK(ct) dt = 2−1c−(+1)
(
1 + + 
2
)

(
1 + − 
2
)
, (3.7)
where R(1 + + )> 0, R(1 + − )> 0, Rc > 0. The asymptotic behavior of K, as x −→ ∞, is given by
K(x) ∼
√

2x
e−x , (3.8)
and for x −→ 0, the asymptotic formulas hold
K(x) ∼ 2−1()x−,  = 0 and K0(x) ∼ log 2
x
. (3.9)
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According to (3.3),
(u0)3m = (3m)!
m!2m32m =
(
3
2
)m(m + 1/3)(m + 2/3)
(1/3)(2/3)
. (3.10)
Under the transformation t = x3/2 with c = 2√2/√3, = 2m, = 13 , (3.10) becomes
(u0)3m = 2
√
6
(1/3)(2/3)
∫ ∞
0
x3mx1/2K1/3
(
2
√
2√
3
x3/2
)
dx. (3.11)
To determine (u1)3m+1, we combine (2.6) and (3.11) to get
〈u1, x3m+1〉 = 〈u0, (x3m+1)′〉 = 2
√
6
(1/3)(2/3)
∫ ∞
0
(x3m+1)′x1/2K1/3
(
2
√
2√
3
x3/2
)
dx. (3.12)
By virtue of (3.8) and (3.9), we have[
x3m+1
(
x1/2K1/3
(
2
√
2√
3
x3/2
))]∞
0
= 0.
So, integrating (3.12) by parts, we obtain
〈u1, x3m+1〉 = −2
√
6
(1/3)(2/3)
∫ ∞
0
x3m+1
(
x1/2K1/3
(
2
√
2√
3
x3/2
))′
dx. 
3.2. d-OPS of Laguerre-type
In this subsection, we consider the polynomial set {Pn(.; ; d)}n0 of Sheffer type generated by
Gd(x, t) = exp(d−1(t))(1 − t)−−1 exp
( −xt
1 − t
)
=
∞∑
n=0
Pn(x; ; d)
n! t
n
, (3.13)
d−1(t) being a polynomial of degree (d − 1), which reduces to Laguerre ones for d = 1. We state
Theorem 3.3. The polynomial set {Pn(.; ; d)}n0 generated by (3.13) is d-orthogonal.
Proof. The application of the operator Dt to each member of (3.13) gives
DtGd(x, t) =
(
′d−1(t) +
+ 1
1 − t −
x
(1 − t)2
)
Gd(x, t). (3.14)
Multiplying both hand sides of (3.14) by (1 − t)2, we get
xGd(x, t) = (−Dt + (2 − t)tDt + (+ 1)(1 − t) + (1 − t)2′d−1(t))Gd(x, t).
It follows from Lemma 2.1 and (2.1) that
Xˆt = −Dt + (2 − t)tDt + (+ 1)(1 − t) + (1 − t)2′d−1(t),
which belongs to ∨(−1)d+2 . Then, according to Theorem 2.4, {Pn}n0 is d-orthogonal. 
This result is a generalization of Douak ones [16] where the author considered the polynomial set {Pn(.; )}n0
generated by
G2(x, t) = (1 − t)−−1 exp
(
t − xt
1 − t
)
=
∞∑
n=0
Pn(x; )
n! t
n
. (3.15)
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He showed the 2-orthogonality of {Pn(.; )}n0 and He used the classical property of these polynomials to state the
following
Theorem 3.4 (Douak [16, Corollary 4.2]). The two linear functionals u0 and u1 for which {Pn(., )}n0 (>− 1) is
2-orthogonal have the following integral representations:{ 〈u0, f 〉 = ∫ +∞0 f (x)W0(x) dx, f ∈ P,
〈u1, f 〉 =
∫ +∞
0 f (x)W1(x) dx, f ∈ P,
(3.16)
where the weight functionsW0 andW1 are given by{
W0(x) = e−1(x)I ∗ (x)
W1(x) = e−1(x)[I ∗ (x) − xI ∗+1(x)],
(x) = xe−x, I ∗ (x) =
∞∑
k=0
xk
k!(+ k + 1) = x
−/2I
(
2
√
x
)
,
where I is the modiﬁed Bessel function of the ﬁrst kind [25].
Next, we give a new proof of this result based on Theorem 2.4.
Proof of Theorem 3.4. According to (2.6) and (2.13), we have, for all polynomial f ∈ P,
〈u0, f 〉 = [B(	)(f )]x=0 where B(t) = (1 − t)+1e−t and 	= −Dx(1 − Dx)−1. (3.17)
So
B(	) = (1 − 	)+1e−	 = (1 − Dx)−−1eDx(1−Dx)−1 =
∞∑
n=0
L()n (−1)Dnx , (3.18)
where {L()n }n0 are the Laguerre polynomials generated by
(1 − t)−−1 exp
( −xt
1 − t
)
=
∞∑
n=0
L()n (x)t
n
.
On the other hand, we have
L()n (x) =
(
n + 
n
)
1F1(−n; + 1; x) =
n∑
k=0
(+ n + 1)(−x)k
k!(n − k)!(+ k + 1) . (3.19)
Taking into account (3.18) and (3.19), we obtain
〈u0, f 〉 =
∞∑
n=0
L()n (−1)f (n)(0) =
∞∑
n=0
f (n)(0)
n∑
k=0
(+ n + 1)
k!(n − k)!(+ k + 1)
=
∞∑
k=0
1
k!(+ k + 1)
∞∑
n=0
f (n+k)(0)
n! (+ n + k + 1)
=
∞∑
k=0
1
k!(+ k + 1)
∫ +∞
0
e−xx+kf (k)(x) dx. (3.20)
Integrating by parts k times this last integral and using the fact that[
k∑
i=1
(−1)i−1(e−xx+k)(i)f (k−i)(x)
]+∞
x=0
= 0,
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(3.20) becomes
〈u0, f 〉 =
∞∑
k=0
(−1)k
k!(+ k + 1)
∫ +∞
0
(e−xx+k)(k)f (x) dx,
from which we obtain, using Leibnitz formula, that
〈u0, f 〉 =
∫ +∞
0
e−xxf (x)
∞∑
k=0
1
(+ k + 1)
k∑
i=0
(−1)i
(k − i)!
(
+ k
i
)
xk−i dx
=
∫ +∞
0
e−xxf (x)
∞∑
k=0
k∑
i=0
(−1)i
i!(k − i)!(+ k + 1 − i)x
k−i dx
= e−1
∫ +∞
0
e−xxf (x)I ∗ (x) dx. (3.21)
The functional u1 may be deduced from u0 by combining (2.6) and (3.17). We have in fact
〈u1, f 〉 = [	B(	)(f )]x=0 = −(1 − Dx)−−2eDx(1−Dx)−1(Dxf )(0). (3.22)
Exchanging f by Df and  by + 1 in (3.18). According to (3.21), (3.22) becomes
〈u1, f 〉 = −e−1
∫ +∞
0
e−xx+1f ′(x)I ∗+1(x) dx. (3.23)
On the other hand, the asymptotic behaviors of I as x −→ +∞ and x −→ 0 are given by
I(x) ∼ e
x
√
2x
, x −→ +∞ and I(x) ∼ x

2(+ 1) , x −→ 0.
So that, (3.23) becomes after integration by parts
〈u1, f 〉 = e−1
∫ +∞
0
f (x)(e−xx+1I ∗+1(x))′ dx. (3.24)
Observing that I ∗′ (x) = I ∗+1(x), we have
(e−xx+1I ∗+1(x))′ = xe−x((+ 1) − x)I ∗+1(x) + xI ∗+2(x)). (3.25)
Since the function I veriﬁes
2(+ 1)x−1I+1(x) = I(x) − I+2(x) and I ∗ = x−/2I(2
√
x),
we obtain
xI ∗+2(x) = I ∗ (x) − (+ 1)I ∗+1(x). (3.26)
Substituting (3.26) in (3.25) and taking into account of the identity (3.24), we obtain
〈u1, f 〉 = e−1
∫ +∞
0
f (x)e−xx(I ∗ (x) − xI ∗+1(x)) dx. 
3.3. A hypergeometric 2-OPS of Laguerre type
In this subsection, we consider the hypergeometric polynomial set {B,n }n0 of Brenke type deﬁned by
B
,
n (x) = 1F2(−n; 1 + , 1 + ; x), ,  /∈ − N∗
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and generated by
G(x, t) = et 0F1(−; 1 + , 1 + ;−xt) =
∞∑
n=0
B
,
n (x)
n! t
n
. (3.27)
The multiple orthogonality of this polynomial set was obtained separately byVanAssche andYakubovich [32], and the
ﬁrst author and Douak [9].
Theorem 3.5 (Ben Cheikh and Douak [9]).
(i) {B,n }n0 is 2-OPS.
(ii) When >− 1, the polynomial set {B,n }n0 is 2-orthogonal with respect to the two-dimensional functional
vector U= t (u0, u1) given by the integral representations:{ 〈u0, f 〉 = ∫ +∞0 f (x)W,(x) dx, f ∈ P,
〈u1, f 〉 =
∫ +∞
0 f (x)(xW,(x))
′ dx, f ∈ P,
(3.28)
where the weight functionW, is given by
W,(x) = 2(+ 1)(+ 1)x
(+)/2K−(2
√
x).
Next, we give a new proof of this result based on Theorem 2.4.
Proof of Theorem 3.5. (i) According to (2.2) and (2.15) the operator 	x := −Dx(xDx + )(xDx + ) veriﬁes:
	x 0F2(−; 1 + , 1 + ;−xt) = t 0F2(−; 1 + , 1 + ;−xt). (3.29)
Exchanging x and t, identity (3.29) becomes
	t 0F2(−; 1 + , 1 + ;−xt) = x 0F2(−; 1 + , 1 + ;−xt). (3.30)
On the other hand, the operator 	t := −Dt(tDt + )(tDt + ) may be rewritten under the form:
	t = −t2D3t − (+ + 3)tD2t − (+ 1)(+ 1)Dt (3.31)
which, applied to the function: e−tG(x, t)) = 0F2(−; 1 + , 1 + ;−xt), gives using Leibnitz formula:
	t (e
−tG(x, t)) = − t2e−t (D3t − 3D2t + 3Dt − 1)G(x, t) − (+ + 3)te−t (D2t − 2Dt + 1)G(x, t)
− (+ 1)(+ 1)e−t (Dt − 1)G(x, t) = x 0F2(1 + , 1 + ;−xt). (3.32)
Multiplying both sides of (3.32) by et , we obtain
xG(x, t) =
⎛⎜⎝−t2D3t − (+ + 3)tD2t − (+ 1)(+ 1)Dt︸ ︷︷ ︸
	t
+3t2D2t + 2(+ + 3)tDt + (+ 1)(+ 1)
− (+ + 3)t + t2
⎞⎟⎠G(x, t).
So
Xˆt = 	t + 3t2D2t + 2(+ + 3)tDt + (+ 1)(+ 1) − (+ + 3)t + t2.
This means Xˆt ∈ ∨(−1)4 and leads, by virtue of Theorem 2.4, to the fact that {B,n }n0 is 2-orthogonal.
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(ii) According to (2.6) and (2.15), we have
〈u0, f 〉 = exp(−	)(f )(0) =
∞∑
k=0
1
k! (Dx(xDx + )(xDx + ))
k(f )(0). (3.33)
Since (−	)xn := Dx(xDx + )(xDx + )xn = n(+ n)(+ n)xn−1, we successively obtain
(−	)k(f )(0) = f
(k)(0)(+ k + 1)(+ k + 1)
(+ 1)(+ 1) ,
〈u0, f 〉 =
∞∑
k=0
f (k)(0)(+ k + 1)(+ k + 1)
k!(+ 1)(+ 1) . (3.34)
The transformation t = √x with c = 2, = + + 2k + 1 and = −  in (3.7) leads to
(+ k + 1)(+ k + 1)
2
=
∫ +∞
0
xk+(+)/2K−(2
√
x) dx. (3.35)
Substituting (3.35) in (3.34), we obtain
〈u0, f 〉 = 2
(+ 1)(+ 1)
∞∑
k=0
f (k)(0)
k!
∫ +∞
0
xk+(+)/2K−(2
√
x) dx =
∫ +∞
0
f (x)W,(x) dx. (3.36)
On the other hand, we have from (2.7), (3.34), (3.35) and (3.36):
〈u1, f 〉 = 	 exp(−	)(f )(0) = −
∞∑
k=0
1
k! (Dx(xDx + )(xDx + ))
k+1(f )(0)
= −
∞∑
k=0
f (k+1)(0)(+ k + 2)(+ k + 2)
k!(+ 1)(+ 1)
= −2
(+ 1)(+ 1)
∞∑
k=0
f (k+1)(0)
k!
∫ +∞
0
xk+1+(+)/2K−(2
√
x) dx
= −
∫ +∞
0
xf ′(x)W,(x) dx.
Integrating by parts this last integral, we obtain
〈u1, f 〉 = −[xf (x)W,(x)]+∞0 +
∫ +∞
0
f (x)(xW,)
′(x) dx.
Then the asymptotic behavior of K−, as (x −→ +∞ and x −→ 0) gives
〈u1, f 〉 =
∫ +∞
0
f (x)(xW,)
′(x) dx. 
4. Discrete d-orthogonal polynomial sets
Some multiple orthogonal sets generalizing the Charlier, Meixner, Krawchuk and Hahn ones were considered in [6].
In this section, we follow a different approach, based on Theorem 2.4, to investigate some discrete d-OPS generalizing
the Charlier and Meixner ones.
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4.1. d-OPS of Charlier type
The polynomial set {Pn(.; d,)}n0 of Sheffer type zero generated by
Gd(x, t) = (1 + t)x/ exp d(t) =
∞∑
n=0
Pn(x; d,) t
n
n! , d(t) =
d∑
k=0
kt
k, d = 0 (4.1)
was considered in a previous paper [13]. We showed that this polynomial set is the only polynomial set which is both
d-orthogonal and -Appell, where  is the difference operator deﬁned by
(f )(x) = f (x + ) − f (x)

,  = 0.
The d-orthogonality property was obtained following the characterization by Maroni in (1.2). Next, we give a new
proof of this property using Theorem 2.4.
Applying the operator Dt to each member of (4.1), we obtain
DtGd(x, t) =
(
′d(t) +
x
1 + t
)
Gd(x, t),
which leads to
xGd(x, t) = ((1 + t)Dt − (1 + t)′d(t))Gd(x, t).
Therefore, by virtue of Lemma 2.1 and (2.1), the transform operator Xˆt of Xx relative to Gd(x, t) is given by
Xˆt = (1 + t)Dt − (1 + t)′d(t).
That means Xˆt ∈ ∨(−1)d+2 . Taking into account Theorem 2.4, then the sequence {Pn(.; d,)}n0 is d-orthogonal.
(2.6) was used in [4] to express explicitly the d-dimensional functionalU for which the polynomial set {Pn(.; d)}n0
of Charlier type generated by
(1 + t)x exp(−atd) =
∞∑
n=0
Pn(x; d) t
n
n! , a = 0. (4.2)
We stated
Theorem 4.1 (Ben Cheikh and Zaghouani [13, Corollary 4.2]). The polynomial set {Pn(.; d)}n0 generated by (4.2)
is a d-OPS with respect to the d-dimensional functional vector U= t (u0, u1, . . . , ud−1) given by
〈u0, f 〉 =
d−1∑
s=0
∞∑
j=0
(d, a; dj + s)f ((dj + s)), f ∈ P,
where
(d, a; dj) = a
j
j ! d−1Fd−1
⎛⎜⎝j +
1
d
, j + 2
d
, . . . , j + d − 1
d
;
1
d
,
2
d
, . . . ,
d − 1
d
;
a(−1)d
⎞⎟⎠ (4.3)
and
(d, a; dj + s) = (−1)
d+saj+1
(j + 1)!
(
dj + d
dj + s
)
× d−1Fd−1
⎛⎝ j + 1 + 1d , j + 1 + 2d , . . . , j + 1 + d − 1d ;
1 + 1 − s
d
, 1 + 2 − s
d
, . . . , 1 − 1
d
, 1 + 1
d
, . . . , 1 + d − s
d
;
a(−1)d
⎞⎠ , s = 1, 2, . . . , d − 1,
(4.4)
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and
〈ur, f 〉 = 1
r! 〈u0,
rf 〉, r = 1, 2, . . . , d − 1, f ∈ P. (4.5)
Two examples are worthy to note:
Example 1. The case: d = 1 corresponds to Charlier polynomials C(a)n (x) generated by
exp(−at)(1 + t)x =
∞∑
n=0
C
(a)
n (x)
n! t
n, a = 0.
For this case, identity (4.3) is reduced to
(1, 1, a; j) = a
j
j ! · 0F0
(−;
−; − a
)
= e
−aaj
j ! .
From which, it has been deduced the well-known result: The Charlier polynomials are orthogonal with respect to the
linear functional:
〈u0, f 〉 =
∞∑
j=0
e−aaj
j ! f (j), f ∈ P.
Example 2. For the case: d = 2, we have: The polynomial set {Pn}n0 generated by
exp(−at2)(1 + t)x =
∞∑
n=0
Pn(x)
n! t
n, a = 0,
is a 2-OPS with respect to the two-dimensional functional U= t (u0, u1) given by
〈u0, f 〉 =
∞∑
j=0
aj
j ! 1F1
⎛⎝j + 12 ;1
2
;
a
⎞⎠ f (2j) − 2a ∞∑
j=0
aj
j ! 1F1
⎛⎝j + 32 ;3
2
;
a
⎞⎠ f (2j + 1),
and
〈u1, f 〉 = 〈u0,f 〉, f ∈ P.
4.2. d-OPS of Meixner type
In this subsection, we introduce, as far as we know, a new d-OPS. Let us consider the polynomial set {Pn(.; , c)}n0
of Sheffer type zero generated by
Gd(x, t) = exp(d−1(t))(1 − t)−
(
1 + c − 1
c
t
1 − t
)x
=
∞∑
n=0
Pn(x; , c)
n! t
n
, (4.6)
d−1(t) being a polynomial of degree d − 1.
{Pn(.; , c)}n0 is reduced to Meixner-polynomials {m(a)n }n0 for d = 1. First, we state
Theorem 4.2. The polynomial set {Pn(; , c)}n0 is d-orthogonal.
Proof. The application of the operator Dt to each member of (4.6) gives
DtGd(x, t) = ′d−1(t)Gd(x, t) +

1 − t Gd(x, t) +
c − 1
(1 − t)(c − t)xGd(x, t). (4.7)
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From (4.7), we obtain after some computations
xGd(x, t) =
( −c
1 − cDt +
1
1 − c [(1 + c)tDt + c+ t (tDt − ) + (1 − t)(c − t)
′
d−1(t)]
)
Gd(x, t).
So, by virtue of Lemma 2.1 and (2.1), the transform operator Xˆt of Xx relative to Gd(x, t) is given by
Xˆt = −c1 − cDt +
1
1 − c [(1 + c)tDt + c+ t (tDt − ) + (1 − t)(c − t)
′
d−1(t)] ∈ ∨(−1)d+2 .
According to Theorem 2.4, {Pn(.; , c)}n0 is d-orthogonal. 
Next, for the case: d =2, and 1(t)=−t , we express the two-dimensional functional vectorU= t (u0, u1) for which
the polynomial set {Mn(; , c)}n0 of Meixner type generated by
e−t (1 − t)−
(
1 + c − 1
c
t
1 − t
)x
=
∞∑
n=0
Mn(x; , c) t
n
n! (4.8)
is 2-orthogonal.
Theorem 4.3. The polynomial set {Mn(; , c)}n0 generated by (4.8) is 2-orthogonal with respect to the two-
dimensional functional vector U= t (u0, u1) given by⎧⎪⎪⎪⎨⎪⎪⎪⎩
〈u0, f 〉 = (1 − c)ec
∞∑
j=0
a,c(j)f (j), f ∈ P,
〈u1, f 〉 = cec(1 − c)
∞∑
j=0
a+1,c(j − 1)f (j),
(4.9)
where
a,c(j) = c
j
j ! ()j 1F1(−j ; ; 1 − c), j0, a,c(−1) = 0.
To prove Theorem 4.2, we need the following Lemma.
Lemma 4.4 (McBride [26]). The Laguerre polynomials {L()n }n0 generated by
(1 − t)−−1 exp
( −xt
1 − t
)
=
∞∑
n=0
L()n (x)t
n
veriﬁes
∞∑
n=0
(n + j)!
n!j ! L
()
n+j (x)t
n = (1 − t)−−j−1 exp
( −xt
1 − t
)
L
()
j
(
x
1 − t
)
.
Proof of Theorem 4.3. By virtue of (2.14), the lowering operator 	 of the polynomial set {Mn(; , c)}n0 generated
by (4.8) is given by
	= C∗() = 
(c − 1)/c +  = −
c/(1 − c)
1 − (c/(1 − c)) , (4.10)
where
= 1, A(t) = e−t (1 − t)−, C(t) = c − 1
c
t
1 − t , C
∗(t) = t
(c − 1)/c + t .
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According to (2.7), the linear functional u0 is given by
〈u0, f 〉 = (1 − 	)e	(f )(0). (4.11)
On the other hand, from (4.10) we get
1 − 	= (c − 1)/c
(c − 1)/c +  =
(
1 − c
1 − c
)−1
.
Therefore, (4.11) becomes
〈u0, f 〉 =
(
1 − c
1 − c
)−
exp
(
− (c/(1 − c))
1 − (c/(1 − c))
)
(f )(0),
which leads to
〈u0, f 〉 =
∞∑
n=0
L
(−1)
n (1)
(
c
1 − c
)n
(f )(0). (4.12)
Taking into account the fact that
n(f )(0) =
n∑
j=0
(−1)n−j
(
n
j
)
f (j),
we get from (4.12):
〈u0, f 〉 =
∞∑
n=0
L
(−1)
n (1)
(
c
1 − c
)n n∑
j=0
(−1)n−j
(
n
j
)
f (j)
=
∞∑
j=0
(
c
1 − c
)j
f (j)
∞∑
n=0
(n + j)!
n!j ! L
(−1)
n+j (1)
(
c
c − 1
)n
. (4.13)
Applying now Lemma 4.4 with t = c/(c − 1) and x = 1, we obtain
∞∑
n=0
(n + j)!
n!j ! L
(−1)
n+j (1)
(
c
c − 1
)n
= (1 − c)+j ecL(−1)j (1 − c)
= (1 − c)+j ec ()j
j ! 1F1(−j ; ; 1 − c). (4.14)
Substituting (4.14) in (4.13), we obtain
〈u0, f 〉 = (1 − c)ec
∞∑
j=0
cj
j ! ()j 1F1(−j ; ; 1 − c)f (j) = (1 − c)
ec
∞∑
j=0
a,c(j)f (j). (4.15)
The linear functional u1 can be expressed from u0. In fact, we have by virtue of (2.6) and (4.12),
〈u1, f 〉 = 〈u0, 	f 〉 =
(
1 − c
1 − c
)−
exp
(
− (c/(1 − c))
1 − (c/(1 − c))
)
	(f )(0).
Consequently
〈u1, f 〉 = −c1 − c
(
1 − c
1 − c
)−−1
exp
(
− (c/(1 − c))
1 − (c/(1 − c))
)
(f )(0). (4.16)
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Exchanging  by + 1 and f by f in (4.15), (4.16) becomes
〈u1, f 〉 = −cec(1 − c)
∞∑
j=0
cj
j ! (+ 1)j 1F1(−j ; + 1; 1 − c) (f (j + 1) − f (j)) .
So
〈u1, f 〉 = cec(1 − c)
∞∑
j=0
a+1,c(j − 1)f (j). 
5. Basic d-orthogonal polynomial sets
Let q be a real number and Lq the Hahn operator deﬁned by
Lq(f )(x) = f (qx) − f (x)
(q − 1)x , |q| = 1.
A polynomial set {Pn}n0 is called Lq -Appell if it veriﬁes:
LqPn(x) = [n]qPn−1(x), n1 with [n]q := [n] = q
n − 1
q − 1 .
First, we recall some notations and formulas related to the q-theory, see [2,22]. For positive integers n and k, we denote
by
(a; q)n :=
n−1∏
k=0
(1 − aqk) [n]q ! := [n][n − 1] · · · [1], [0]! = 1.
We deﬁne the Gaussian polynomial, or the q-binomial coefﬁcient, by[
n
k
]
q
:= (q; q)n
(q; q)k(q; q)n−k =
(qn − 1) · · · (qn−k+1 − 1)
(qk − 1) · · · (q − 1) .
For positive integers m1, . . . , mr , we deﬁne the Gaussian multinomial coefﬁcient, or the q-multinomial coefﬁcient, by[
m1 + m2 + · · · + mr
m1,m2, . . . , mr
]
q
:= (q; q)m1+m2+···+mr
(q; q)m1(q; q)m2 · · · (q; q)mr
.
The q-analog of the exponential function is deﬁned by
eq(t) :=
∑
n0
tn
[n]! = e((1 − q)t),
with
e(t) = e(q, t) =
∑
n0
tn
(q; q)n =
⎧⎪⎪⎨⎪⎪⎩
∞∏
m=0
(1 − tqm)−1 if |q|< 1,
∞∏
m=1
(1 − tq−m) if |q|> 1.
One easily veriﬁes that
Lqeq(xt) = xeq(xt), (5.1)
eq(qt) = (1 − (1 − q)t)eq(t). (5.2)
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For two functions f and g, we have
Lq(fg)(t) = g(t)Lq(f )(t) + f (qt)Lq(g)(t). (5.3)
In order to ﬁnd the polynomial sets which are both Lq -Appell and d-orthogonal, the second author [34] showed that
the polynomial set {Pn(.; q, d)}n0 generated by
Gd(x, t) = eq(xt)
eq(x0t)eq(x1t) · · · eq(xd t) =
∞∑
n=0
Pn(x; q, d) t
n
[n]! , x0, . . . , xd ∈ C
∗
, (5.4)
is the unique solution of the problem. Next, we give a new proof of the d-orthogonality property using Theorem 2.4.
Writing Gd(x, t) under the form: Gd(x, t) = A(t)eq(xt) and applying the operator Lq to each member of (5.4)
viewed as functions of the variable t, we obtain by virtue of (5.3) and (5.1):
LqG(x, t) = LqA(t)eq(qxt) + A(t)Lqeq(xt) = LqA(t)
A(qt)
A(qt)eq(qxt) + xA(t)eq(xt),
which leads to
xGd(x, t) = LqGd(x, t) − LqA(t)
A(qt)
Gd(x, qt). (5.5)
On the other hand, we have
LqA(t)
A(qt)
= A(qt) − A(t)
A(qt)(q − 1)t , (5.6)
and according to (5.2), A(t) satisﬁes the identity:
A(t) = (1 − (1 − q)x0t) · · · (1 − (1 − q)xd t)A(qt). (5.7)
Substituting (5.7) in (5.6), we obtain
LqA(t)
A(qt)
= d(t), (5.8)
where d(t) is a polynomial of degree d given by
d(t) = 1 − (1 − (1 − q)x0t) · · · (1 − (1 − q)xd t)
(q − 1)t .
Taking into account the fact that: Gd(x, qt) = Gd(x, t) + (q − 1)tLqGd(x, t) and (5.8), formula (5.5) becomes
xGd(x, t) = LqGd(x, t) − d(t)(1 + (q − 1)tLq)Gd(x, t).
Therefore, the transform operator Xˆt of Xx according to Gd(x, t) is given by
Xˆt = Lq − d(t)(1 + (q − 1)tLq).
It is clear that Xˆt ∈ ∨(−1)d+2 , which allows us to conclude by virtue of Theorem 2.4 that {Pn(; q; d)}n0 is d-
orthogonal. 
(2.6) was used in [34] to express explicitly the d-dimensional functional vector U for which {Pn(.; d)}n0 is a
d-OPS. We have in fact
Theorem 5.1 (Zaghouani [34, Theorem 4.1]). The polynomial set {Pn(; q; d)}n0 generated by (5.4) is a d-OPS with
respect to the d-dimensional functional vector U= t (u0, u1 · · · ud−1) given by
〈u0, f 〉 =
∑
m0
Hm(x0, x1, . . . , xd)
f (m)(0)
m! , f ∈ P,
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〈ur, f 〉 = 1[r]! 〈u0, L
r
qf 〉, r = 1, . . . , d − 1,
where
Hm(x0, x1, . . . , xd) =
∑
(i0+i1+···+id )=m
[
m
i0, i1, . . . , id
]
x
i0
0 x
i1
1 . . . x
id
d .
Two examples are worthy to note:
Example 1. The case (d = 1, x0 = 1, x1 = a = 0) corresponds to Al-Salam–Carlitz polynomials [1].
For this case, according to Theorem 5.1, the moments of u0 are given by
Cn = 〈u0, xn〉 =
∑
m0
Hm(1, a)
m! [(x
n)(m)]x=0 = Hn(1, a) =
n∑
k=0
[
n
k
]
ak .
We meet again a result obtained by Al-Salam–Carlitz [1].
Example 2. We consider now the case d = 2. Then the polynomial set {Pn}n0 generated by
eq(xt)
eq(t)eq(at)eq(bt)
=
∑
n0
Pn(x)
tn
[n]! ,
where a, b ∈ C∗, is a 2-OPS with respect to the two-dimensional functional vectorU= t (u0, u1) and the moments of
u0 and u1 are given by
〈u0, xn〉 = Hn(1, a, b) =
∑
0n1,n2n
[
n
n1, n2, n − n1 − n2
]
an1bn2 ,
and { 〈u1, xn〉 = 〈u0, Lqxn〉 = [n]qHn−1(1, a, b) if n1,
〈u1, 1〉 = 0.
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